The aim of this paper is to show an application of the recently introduced B-bounded semigroups 6] in the theory of implicit and degenerate evolution equations. The most interesting feature of this approach is its applicability to problems with non closeable operators.
Introduction
Let us consider the Cauchy problem for the implicit evolution equation There is a number of approaches to solving such problems; let us mention e.g. 11, 12] , similar in spirit results of 15, 16] , 18, 19] where an interesting notion of empathy is introduced, or 21] where a suitable change of space method is used. In this paper we aim neither at a comprehensive treatment of the problem (1.1), nor at an exhaustive comparison of various methods employed to solve it, but we rather describe how a new notion of B-bounded semigroups, introduced in 6, 22] and investigated in 3, 4] , can be used in this eld.
One of the "natural" ways of approaching (1.1) would be to factor out K and, provided it is invertible, to consider a standard Cauchy problem with the operator K ?1 L on the right-hand side. In some cases, however, the operator K is not closeable and therefore there is no way the "time derivative" or the limit at t = 0 + can commute with K. Thus, it is reasonable to study (1.1) as it stands. In 19, 20] this problem is treated by introducing a pair of evolution families, called an empathy. As we shall see, the theory of B-bounded semigroups provides another convenient way of performing this "impossible" commutations by passing to a specially constructed space related to K. In this it is similar to the approach of 21] but some assumptions on K adopted in this paper are less restrictive. It is worthwhile to note that the method of B-bounded semigroups does not require X to be a Banach space (in fact X is not required to have any structure but linear) and consequently the operators K and L are not assumed to have any standard topological properties when considered separately; we require, however, their good behaviour in the abstract extrapolation space X B introduced in 4] or, equivalently, a good behaviour of the operator K ?1 L (or its suitable realization) in Z. In this the idea is similar to that of 9, 14] , where the authors also seek a modi cation of the original space in which the given operators are e.g. closeable. Our method on one hand is less general, as the modi ed space is de ned in a prescribed way by the operators appearing in the problem, but on the other hand this space may be much less restrictive than that stipulated in op. cit. As we mentioned before, we don't give a survey of all available methods for solving (1.1); instead we shall demonstrate links between B-bounded semigroups and the empathy theory which is also focused on solving problems with possibly non closeable K, and with the method employed by Showalter in 21] , which seems to be a particular case of the B-bounded semigroup method. To keep the exposition within a reasonable length we shall focus on linear operators with K invertible. A generalization to multivalued and nonlinear cases can be done along the lines of e.g. 11, 12, 15, 21] with only minor di culties (see also Remark 3.3). We intend to pursue this topic provided interesting applications arise.
It is also worthwhile to note that despite super cial similarities of B-bounded semigroups and C-existence families, these two notion coincide only for a very restricted class of operators. This question is addressed in detail in 5].
B-bounded semigroups revisited
We start with recalling basic facts from the theory of B-bounded semigroups and give generalizations relevant to the theory of implicit evolution equations.
Let us consider the standard abstract Cauchy problem in a Banach space X: du dt = Au; lim t!0 + u(t) = u:
Very often the existence of the semigroup (exp(tA)) t 0 describing the evolution of the system is established in a non-constructive way. This is especially the case when the positivity methods are employed, see e.g. 1]. Then very little quantitative information on the evolution is available.
On the other hand, there may exist an operator B such that t ! Be tA can be calculated constructively yielding some information about the evolution. An example of this type, pertaining to the transport equation with multiplying boundary conditions, was analysed in 22] and has prompted one of the authors to de ne a class of evolution families which behave well if looked at through the "lenses" of another operator, and which can be thought of as generalizations of fBe tA g t 0 . Such families, called B-bounded semigroups, have been introduced in 6], and analysed and applied to various problems in a few papers 3, 4, 7, 8] . The main role in the considerations of 4] is played by the space X B which is the completion of the quotient space D(B)=N(B) with respect to the semi-norm k k B = kB k Z . It is known that then D(B)=N(B) is isometrically isomorphic to a dense subspace of X B , say X. The canonical injection of X into X B (and onto X) will be denoted by p. In a standard way B extended by density to an isometry B : X B ! Z.
An important observation is that if A generates a B-bounded semigroup, then A preserves cosets of D(B)=N(B) and therefore it can be de ned to act from pD B (A) X into X. We denote by A B the part of A in D(B), i.e. A B = Aj D B (A) . It can be also proved 4] that if A 2 B ? G(M; !; X; Z), then the shift of A to X is closeable in X B ; we denote its closure by A.
To simplify the notation we will use the same notation for the operators de ned A and B and their shifts to X, which is possible by 4]; with this convention the injection p becomes the identity (or more precisely projection) and for any operator C de ned in X B and x 2 D(B), the symbol Cx is to be understood as Cpx, if the latter is de ned. Let us introduce the subspace Z B = R(B) ( If we don't require (Y (t)) t 0 to satisfy (2.8), then condition 1. is su cient but not necessary.
The main point in the proof of Theorem 2.2 is the observation that (2.9) can be extended to hold on the entire X B . This allows a useful corollary. 
Further improvement of the generation theorem
Let us note that it is not necessary for A to generate a semigroup in X. Thus, the existence of a B-bounded semigroup is no longer related to the existence of (exp(tA)) t 0 , as was the case in the motivating example of 6]. As was mentioned before, the assumption that !; 1 (A) for some ! 2 R was replaced by the requirement that ( ? A) : D B (A) ! D(B) is bijective.
It follows that this assumption can be relaxed even further. A detailed discussion of this topic together with the proofs can be found in 5]. Here we shall sketch the main results. Our aim is to replace assumption (2.2) by a weaker one which would require only the bijectivity of a suitable extension of A. In fact, in the proof of Theorem 2.1 the assumption (2.2) was used to show that !; 1 (A) . Thus, what we really need is the Hille-Yoshida estimate valid on some dense subspace X of X B . Moreover, as we are using the pseudo resolvent identity, we must have that D = ( I ? A) ?1 X X for > ! and this yields that D must be independent of 5]. Finally, as our starting point are X and the operators de ned in it, the space X must be accessible from X in the sense of the operator closure in X B . All these indicate that we can free ourselves from any topological structure of X. Therefore we adopt the following new assumptions on A and X. If we don't assume (2.8), then the assumption 1. is su cient but not necessary. In both cases the B bounded semigroup is given again by Eq. (2.7).
Example 2.1 Let us consider X = L 2 (R; e x 2 dx), Au = @ x u on the maximal domain, and (Bu)(x) = e ? 
Special case
It is of interest to determine conditions under which X B is not an abstract space but can be identi ed with a subspace of X. We have the following theorem.
Theorem 2.4 Let X; Z be Banach spaces and B : X ! Z be an injective operator. The following conditions are equivalent:
(i) X B has the following properties:
(i') each coset e x 2 X B contains a sequence (x n ) n2N converging in the norm of X to some x 2 X, and x is the limit of any other X-Cauchy sequence in e x,
x, (y n ) n2N satisfy kx n ? y n k X ! 0 as n ! 1 and (y n ) n2N Since X 0 B X, then we can consider (B 0 ; X 0 B ) as an unbounded operator in X. Let (x n ) n2N X 0 B converges to x 2 X and (B 0 x n ) n2N X converges to y 2 X, both in the norm of X. The latter implies that (x n ) n2N converges to some x = lim n!1 x n in X 0 B . From the assumption (i'), for each n 2 N there is a sequence (x (n) k ) k2N 2 T ?1 x n , x (n) k 2 D(B), converging to x n in X.
From the construction of cosets in X B , (Bx (n) k ) k2N is a Cauchy sequence and as a consequence, for any n 2 N, Bx (n) k ! Bx n as k ! 1. Indeed, denote f
is a Cauchy sequence, we obtain, for any su ciently large l 2 N kf x n ? If B is not invertible, then we can still obtain a similar result, however in a less compact form. To prove the last statement let us consider x n ! 0 in X, x n 2 D(B); n = 1; : : : ; such that Bx n ! y in Z. We write x n = x 0 n + x 00 n with x 0 n 2 N(B) and x 00 n 2 D B for n = 1; : : : ;. Since
Bx n = Bx 00 n , we see that (Bx 00 n ) n2N is also convergent, and by the boundedness of the right inverse, (x 00 n ) n2N is also convergent in X. Therefore (x 0 n ) n2N converges and by the closedness of both subspaces we get x 0 = lim 3 B-bounded semigroups and implicit evolution equations
X B -solutions of implicit evolution equations
Let us consider again the original Cauchy problem (1.1). It is often the case that the original spaces X and Z are not the most convenient spaces from the mathematical point of view. We are usually interested to keep the values of the solution in the original space which may be related to some physical properties like, nite total energy space, nite mass, etc., but for (1.1) to hold in the strict sense may be too restrictive and often it is enough that it holds in some other Banach ( 
B-bounded semigroups and empathy
Let us start with a brief outline of the empathy theory as presented in 20] . Let X and Z be Banach spaces and consider two families of operators E = fE(t) : X ! Xg t>0 and S = fS(t) : X ! Zg t>0 such that the Laplace transforms: R( )y = L(E(t)y)( ) and P( )y = L(S(t)y)( ) exist for any y 2 X and > 0. The pair < S; E > is called an empathy if for any s; t > 0 S(t + s) = S(t)E(s) and P( ) is invertible for some > 0. It can be proved that then P( ) is invertible for any > 0, and the same is valid for R( ). Also, the subspaces D E = R( )X and D = P( )Z are independent of . Let us de ne the operators: K : D ! D E by K = R( )P ?1 ( ) and L : D ! X by L = ( R( ) ? I)P ?1 ( ); both can be proved to be independent of and P( ) = ( K ? L) ?1 : The pair < L; K > is called the generator of empathy < S; E >. In this case, for any y 2 D E , the function t ! S(t)y is a solution of the Cauchy problem (1.1). This result is not satisfactory, as it allows to recognize which Cauchy problem is solvable by a given empathy. The inverse requires an additional assumption. To explain its meaning, let us rst note that it can be proved that E is a semigroup, but not necessarily a C 0 -semigroup, in X. In particular, the function t ! E(t)x can be unbounded at t = 0 for some x 2 X. To be able to prove the main generation result for empathy in 20], the author introduces the assumption that the empathy < S; E > is uniformly To compare empathy with B-bounded semigroups we rst note that for < L; K > to be the generator of an empathy, K must be an injective operator. Moreover, by de nition, the solution family (S(t)) t 0 is a family of bounded operators in X. Since the B-bounded semigroup (Y (t)) t 0 is supposed to give solutions for the same problem, it must be also de ned on the whole space, which requires B = K ?1 to be a bounded operator.
We have the following theorem. 2) with ! = 0, and B is a bounded, one-to-one operator. The pair < (Y (t)) t 0 ; (e tA j X ) t 0 > is an empathy generated by < AB ?1 ; B ?1 > if and only if 8 t 0 e tA X X (3.14) and 8 x2X; >0 t ! e ? t (e tA j X )x 2 L 1 (0; 1; X): (3.15) Proof. Since B is a bounded operator, (Y (t)) t 0 is a family of bounded operators by property for any x 2 X and since B is invertible, P( ) exists and is invertible. By (3.15) the operator R( ) is well-de ned. Let us x t 0 and consider x n ! x and e tA x n ! y in X as n ! 1. Since by the boundedness of B, X , ! X B , y = e tA x and e tA is a closed operator, and being de ned on the whole X, it is a bounded operator. Next, for any x 2 X we have by Conversely, the properties (3.14) and (3.15) follow from the original de nition of empathy.
A better characterization of e tA j X t 0 can be obtained when the empathy is uniformly bounded.
Clearly, then the statement of Theorem 3.5 is valid provided conditions (3.14) and (3.15) are replaced by the requirement that e tA j X t 0 is a strongly measurable and uniformly bounded semigroup in X. Depending on the structure of X, we can prove some additional properties of this semigroup. Proposition 3.2 Let the assumptions of Theorem 3.5 be satis ed and < (Y (t)) t 0 ; e tA j X t 0 > be a uniformly bounded empathy. Then A satis es the Hille-Yoshida estimates in X, and con- This corollary suggests that if one could nd a space X 0 X such that X is a completion of X 0 with respect to the norm kK ?1 k Z , then the notion of B-bounded semigroup generated in the pair X 0 ; Z would coincide with the notion of empathy in the pair of spaces X; Z. However, we have also the following proposition. It is instructive to compare Hille-Yoshida type estimates required for generation of empathy and B-bounded semigroup. For simplicity, we assume that the estimates are valid with k = 1 and N = 1 for the empathy and with k = 1; M = 1; ! = 0 for B-bounded semigroup. In such a case Using the B-bounded semigroup approach we obtain the same problem under the following particular assumptions. Let D(K) X and (K; D(K)) be a symmetric, positive operator in X.
Assume that E b is the completion of D(K) under the scalar product (Kx; y); then its continuous dual E 0 b is exactly the space X B (B = K ?1 ) as K is the Riesz isomorphism between E b and E 0 b .
Here we see that B-bounded semigroups o er a greater exibility, as e.g., if we keep Z = X, then as X B we obtain a space such that a suitable extension of K is an isomorphism between D(K) X and X B . We shall see an example of this kind in the next section.
The approach of 21] has been used also when K is not invertible. Again, the idea is similar to that used in the construction of B-bounded semigroup with non-invertible B{one passes to the quotient space D(K)=N(K). The problem is that the second operator involved, L, not necessarily can be made to act in such a quotient space. In B-bounded semigroups theory the properties of B-bounded semigroup ensured that this was indeed possible. In 21] the author introduces a suitable multivalued relation which fortunately preserves the essential properties of the original operator. This seems to be a complementary approach to that sketched in Remark 3.3, but the comparison of these methods is still an open question.
The Sobolev-Galpern equation
Let us consider a model problem which can be dealt with using all three approaches: @ t ( u) = 2 u; uj @ = 0 @ uj @ = 0; uj t=0 = u; (3.21) where R n is a bounded su ciently smooth set. It is interesting to note that in this case also the rst two solutions can be obtained by B-bounded semigroup method by changing a proper choice of the space X.
